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Abstract 

We survey results concerning automatic structures for semigroup construc- 
tions, providing references and describing the corresponding automatic struc- 
tures. The constructions we consider are: free products, direct products, Rees 
matrix semigroups, Bruck-Reilly extensions and wreath products. 



1 Introduction 

The notion of "automaticity" has been widely studied in groups (see [2] and [S] 
for example), and some progress has been made in understanding the notion in the 
wider context of semigroups. Many results about automatic semigroups concern 
automaticity of standard semigroups constructions. We survey these results for free 
products, direct products, Rees matrix semigroups, Bruck-Reilly extensions and 
wreath products. 

Some references on automatic semigroups are [6] (introduction), [26] (geometric 
aspects and p-automaticity), [18] , [19], [20] (computational and decidability aspects), 
[5], [10], [U] (semigroup constructions), [13J (other notions of "automaticity" for 
semigroups) and [TTJ, [T5] (examples). 
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(ai . . . a m , bi . . . b n )5 / 



We start by introducing the definitions we require. Given a non empty finite 
set A, which we call an alphabet, we denote by A + the free semigroup generated 
by A consisting of finite sequences of elements of A, which we call words, under 
the concatenation; and by A* the free monoid generated by A consisting of A + 
together with the empty word e, the identity in A*. Let S be a semigroup and 
ip : A — > S a mapping. We say that A is a finite generating set for S with respect 
to ip if the unique extension of ip to a semigroup homomorphism ip : A + — > S is 
surjective. For u,v £ A + we write u = v to mean that if and v are equal as words 
and u — v to mean that it and n represent the same element in the semigroup i.e. 
that uip = vip. We say that a subset L of A*, usually called a language, is regular 
if there is a finite state automaton accepting L. To be able to deal with automata 
that accept pairs of words and to define automatic semigroups we need to define the 
set A(2, $) = ((A U {$}) x (A U {$}))\{($, $)} where $ is a symbol not in A (called 
the padding symbol) and the function 5a '■ A* x A* — > A(2, $)* defined by 

' e if = m = n 

(ai,&i) . . . (a m ,6 TO ) if < m = n 

(d, &i) . . . (a m , 6 m )($, 6 m+1 ) ...($, 6 n ) if < m < n 

k (ai, 6i) . . . (a„, 6 n )(a n+ i, $) . . . (a m , $) if m > n > 0. 

Let S be a semigroup and ^4 a finite generating set for S with respect to ^ : 
A + — > 5. The pair (A, L) is an automatic structure for S (with respect to ip) if 

• L is a regular subset of A + and Lip = S, 

• L = = {(a, (3) : a, 6 L, a — (3}5a is regular in A{2, $) + , and 

• L a — {(a, (3) : a, (5 e L, aa = is regular in A(2, $) + for each a G A. 

We say that a semigroup is automatic if it has an automatic structure. 

We say that the pair (A, L) is an automatic structure with uniqueness (with 
respect to if)) for a semigroup S, if it is an automatic structure and each element in 
S is represented by an unique word in L (the restriction of ip to L is a bijection). 
It is known (see [6]) that, any automatic semigroup admits an automatic structure 
with uniqueness. 

We say that a semigroup is prefix- automatic or p-automatic if it has an automatic 
structure (A, L) such that the set 

L' = = {(wi, w 2 )5a ■ wi E L,w 2 G Pref(L), w\ = w 2 } 

is also regular, where 

Pref(L) = {w G A + : ww' G L for some «/ G A*}. 
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We will now present a result from [14] useful to obtain automatic structures for 
the constructions considered in the sections following. 

We say that T is a subsemigroup of S of finite Rees index if the set S — T is 
finite. 

Proposition 1.1 Let S be a semigroup with a subsemigroup T of finite Rees index. 
Then S is automatic if and only if T is automatic. 

From an automatic structure (A, L) for T, an automatic structure for S can be 
easily obtained. Take C to be a finite set of new symbols in bijection with the 
elements of S — T, A' = A U C and V = LU C. The pair (A' , V) is an automatic 
structure for S. 

The converse is not so trivial. We start from an automatic structure with unique- 
ness (A, L) for S. It was shown in [14J that there exists a constant k such that every 
element of the set {a G sub(L) : k < \a\ < 2k} maps to an element of T. The 
generating set B for S is 



where the b a and c a are new symbols such that each b a and each c a maps to the 
same element of T as the corresponding a. The regular language K is obtained as 
follows. We take U = {a G L : a represents an element of T} and let (j) : U — > B* 
be defined by 



with k < r — Ik < 2k and a = a\a 2 . . . a r . Note that acj) = a in T. Taking K = Uc/), 
the pair (B, K) is an automatic structure for T. 

In sections two, three and four we present results about automaticy for free prod- 
ucts, direct products and Rees matrix semigroups, respectively. We omit the proofs 
and just describe briefly how to obtain the corresponding automatic structures. In 
sections five and six we present results from [9] about automaticity of Bruck-Reilly 
extensions and wreath products, respectively. 

2 Free Products 

If S\ and S2 are semigroups with presentations {Ai\Ri) and (A 2 |i? 2 ) respectively 
(where A± D A2 — 0), then their free product Si * S2 is the semigroup defined by 
the presentation (Ai U A 2 \Ri U R 2 ). The elements of the product can bee seen 



{b a : a G sub(L), k < \a\ < 2k} U {c a : a G L, \a\ < k, a G T} 




for I a I < k 



for I a I > k 
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as sequences Si . . . s m of elements of S\ U 5*2 such that two consecutive elements 
do not belong to the same factor. The product of sequences si . . . s m , s' x . . .s' n is 
the concatenation s\ . . . s m s' l . . . s' n if s m and s' x do not belong to the same factor; 
otherwise it is s\ . . . s m -i.ss 2 ■ ■ ■ s' n , where s is the product of s m by s[ in their 
common factor. 

Free products of semigroups and monoids were considered in |6] . For semigroups 
the following was shown: 

Theorem 2.1 Let Si and S 2 be semigroups. Then Si * S 2 is automatic if and only 
if both Si and S 2 are automatic. 

The proof of this theorem give us the automatic structures. Suppose that Si 
and S 2 are automatic semigroups, with automatic structures with uniqueness, say 
(Ai, Li) and (A 2 , L 2 ) respectively, with A\ and A 2 disjoint sets. Taking A = AiU A 2 
and 

L = (L 1 U{e})(L 2 L 1 )*(L 2 U{e}) - {e}, 

we obtain a pair (A, L) which is an automatic structure for the semigroup free 
product Si * S2. Conversely, suppose that Si * S2 is automatic with an automatic 
structure (A,L). Letting 

B = {a G A : a represents an element of Si}, 

the pair (B, L D B + ) is an automatic structure for S\. 

The monoid free product is not the same as the semigroup free product. It is 
the same as the group free product and can be seen as the semigroup free product 
with the identity subgroups amalgamated. For monoids we have the following: 

Theorem 2.2 The monoid free product M = Mi * M 2 is automatic if and only if 
both monoids Mi and M 2 are automatic. 

One implication was proved in [B]. Suppose that (Ai,Li) and (A 2 ,L 2 ) are auto- 
matic structures with uniqueness for Mi and M 2 respectively, with Ai nA 2 = {e}, e 
representing the identity element of each M iy e G Li (i = 1,2), and Lj = Li — {e} C 
(A - {e})+ (i = 1, 2). Taking A = A x U A 2 and 

L = {e}(L 1 U{e})(I 2 I 1 )*(I 2 U{e}), 

the pair (A, L) is an automatic structure for M. 

The converse was shown in [12], answering a question formalized in [6j. Finite 
generating sets Ai for Mi, i = 1,2, give us a finite generating set A = Ai U A 2 for M 
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with respect to an homomorphism ip. It is possible to obtain an automatic structure 
(A, L) for M such that every element of S is represented by a unique element of L. 
The pair (A, L(Mi)), where L(M{) = {w G L : wip G Mi}, is an automatic structure 
for M h i = 1,2. 

3 Direct products 

The first result about direct products was obtained for monoids in [6] where the 
authors have shown: 

Theorem 3.1 If Mi and M2 are automatic monoids, then their direct product Mi x 
M 2 is automatic. 

Since we have the identities, an automatic structure for the product can be obtained 
from automatic structures for the factors in a natural way. We can start from auto- 
matic structures with uniqueness (A\,Li) and (A 2 , £2) for Mi and M 2 respectively, 
with A\ PI A 2 = 0, ei G Ai, Ci representing the identity element of Mi, G Li, and 
Li - {e^ C (A - {e;}) + (i = 1,2). Let Lj denote Lj - {ej and let A = A 1 U A 2 . 
For words a = ai . . . a n G Li and = bi . . .b m E L 2 , we define the word G A + 
by 

{ai&i . . . a n 6 n if n = m, 

aifei . . . a n 6 n eA + i . . . eib m if n < m, 
ai&i . . . a m b m a m+ ie 2 ■ ■ ■ a n e 2 if n > m. 
If a : -A(2, $)* — > A* is the homomorphism defined by 

(a, 6) 1— > ab, (a, $) t-^ ae 2 , ($, 6) 1— >• ej6, 

then a)}/3 = (a, /3)£40". Let 

L = {aft/9 : a E. L\, /3 e L 2 } = (Li x L 2 )5 J 40". 

The pair (A, L) is an automatic structure for M = Mi x M 2 . 

Semigroups were then considered in [5] where the authors have proved the fol- 
lowing: 

Theorem 3.2 Let S and T be automatic semigroups. 

(i) If S and T are infinite, then S x T is automatic if and only if S 2 = S 
and T 2 = T. 

(ii) If S is finite and T is infinite, then S x T is automatic if and only if 
S 2 = S. 
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In [25], there were established necessary and sufficient conditions for the direct 
product of semigroups to be finitely generated: 

Proposition 3.3 Let S and T be two semigroups. If both S and T are infinite then 
S xT is finitely generated if and only if both S and T are finitely generated, S 2 = S 
and T 2 = T. If S is finite and T is infinite then S x T is finitely generated if and 
only if S 2 = S and T is finitely generated. 

Using this result, Theorem 13.21 has the following equivalent formulation: 

Theorem 3.4 The direct product of automatic semigroups is automatic if and only 
if it is finitely generated. 

The answer to the following converse question is not known even for groups: If 
the direct product G\ x G 2 is automatic are both factors G\ and G2 necessarily 
automatic? 

Without the identities it is still possible to obtain automatic structures for the 
product, starting from automatic structures for the factors, although the method is 
not so natural. 

For case (i) in Theorem I3.2[ the general ideia is to start from two automatic 
structures, say (A,L) and (B,K), for the factors S and T and then modify them, 
using the fact that S 2 = S (and T 2 = T) to control the length of the words in the lan- 
guages, in order to obtain new automatic structures. From the modified automatic 
structures, say (A',L f ) and (B',K'), an automatic structure (X , J) for the product 
S x T can be obtained by just taking X = A' x B' and J = {(ui, vi), . . . , (u p , v p ) : 
(ui, Vi) G X, ux . . . Up e L', vx . . . v p e K'}. 

For case (ii) we can assume that S = {si, . . . , s m } and take an alphabet A = 
{ai, . . . , a m } to represent the elements in S. Given an automatic structure (B, K) 
for T, the set X = A x B is a generating set for S x T. Now, taking J = 
{(«!, v 1) . . . (u p , v v ) : (u^ v^ G X, Vi . . .v p G K}, the pair (X, J) is an automatic 
structure for the product S x T (the details can be found in [5]). 

4 Rees matrix semigroups 

The Rees matrix semigroup S = A4[U; I, J; P] over the semigroup U, with P = 
(.Pji)jeJ,i€i a matrix with entries in U, is the semigroup with the support set I x 
U x J and multiplication defined by (/1, s%, ri)(/ 2 , S2, r 2 ) = (h, s\p ri i 2 S2, r 2 ) where 
(h, si,ri), (^2, S2,r 2 ) G I x U x J. We say that U is the base semigroup of the Rees 
matrix semigroup S. 
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We can obtain an automatic structure for a Rees matrix semigroup S by using 
the automatic structure for its base semigroup U, as shown in [10]. We observe that 
the case where U is a group, was firstly considered in [7]. 

Theorem 4.1 Let S = M. [U; I, J; P] be a Rees matrix semigroup. If U is an auto- 
matic semigroup and if S is finitely generated then S is automatic. 

This theorem has the following equivalent formulation: 

Theorem 4.2 Let S = A4[U; I, J; P] be a Rees matrix semigroup, where I, J are 
finite sets and U\V is finite, where V is the ideal of U generated by the entries of 
the matrix P. If U is an automatic semigroup then S is automatic. 

In fact, it is described in [10] how to obtain an automatic structure for the 
semigroup Si = M.[U l ; I, J; P] from an automatic structure with uniqueness for V 
(U 1 stands for the monoid obtained from U by adding an identity). But note that, 
since S is finitely generated, /, J and U — V are finite, and so, using Proposition 
II. 1[ an automatic structure for S can then be obtained from an automatic structure 
for U. 

We start from an automatic structure with uniqueness (B, K) for V, where 
B = {bi, . . . , b n } is a set of semigroup generators for V. Then we write each bh (h G 
N = {!,..., n}) as b h = s h p PhXh s' h where s h , s' h G U x ,p h e J, X h E I. Let Si = 
A41U 1 ; I, J; P]. Given (l,s,r) G / x V x J we can write s = b ai ...b ah where 
b ai ■ ■ ■ b ah is a word in K. So we can write 

(/, S, r) = (/, S ai , Pa 1 )(A Q , 1 , S ai S a2 , Pct'2) ■ ■ ■ i^a h i S a h i r ) • 

Since ?7 1 \V A is finite and non empty we can write = {xi, . . . , x m } with m > 1. 

We define a set A = C U D of semigroup generators for Si by 

C = {c u : I E I,i E N}U {d i:j : i,j E N} U {e jr : j G N,r G J}, 
D = {fihr :leI,he{l,...,m},reJ} 

with 

ip : A + -> Si, cu ^ (I, s, h pi), dij ^ {X^s'iS^pj), 
e jr ^ {Xj,Sj,r),fi hr 1 * (l,x h ,r). 
Defining the language L = Li U D to represent the elements of Si with 

Li \Ci ai d ai0l2 ■ ■ ■ d ah _ l0lh e ahr . b ai . . . b ah G K, ^ ^ 1, ^ E /, r £ J|, 

the pair (A, L) is an automatic structure for Si. 

It was also shown in [10] that, in some particular situations, it is possible to 
obtain an automatic structure for the base semigroup, from the automatic structure 
for the construction. 
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Theorem 4.3 Let S = Ai[U; I, J; P] be a semigroup, and suppose that there is an 
entry p in the matrix P such that pU l = U. If S is automatic then U is automatic. 

We start from an automatic structure with uniqueness (A, L) for the semigroup 
Si = M.\U 1 \ i, J; P], where A = {ax, . . . , a n } is a generating set for Si with respect 
to 

iff : A + -> Si, a h h-> (i h ,s h ,j h ) (h = 1, . . . ,n). 

The set 

B = {b u ...,b n } U { Cji :jeJ,iel} 
is a generating set for U 1 with respect to 

(f) : B + -> C/ 1 ; 6 h Sft , Cj-» h-> (/i = 1, . . . , n, j <E J,i E I). 

Without loss of generality we can assume that pn = p. Let 

L n = Ln ({1} x f/ 1 x {l})^" 1 . 

Let 

f ■ A ► B> , a ai a a2 . . . a ah i ► b ai Cj ai i a2 b a , 2 . . . c j ah l i ah b ah - 

Taking K = Ln/, the pair (L?, if) is an automatic structure with uniqueness for U 1 
with respect to cf>. 

Theorem 4.4 Let S = A4[U; I , J; P] be a Rees matrix semigroup. If S is prefix- 
automatic then U is automatic. 

We start from a prefix-automatic structure with uniqueness (A, L) for S (see 
|26j). We define A,ip, B, (ft, Ln, / and K as above just replacing U l by U and Si 
by S in the definitions, and assume that ip \a is injective. The pair (B, K) is a 
(prefix-) automatic structure with uniqueness for U with respect to 4>. 

5 Bruck-Reilly extensions 

Let T be a monoid and : T i— > T be a monoid homomorphism. The set 

N x T x N 

with the operation defined by 

(m,ti,n)(p,t 2 ,g) = (m-n + k, (t 1 6 k ~ n )(t 2 8 k ~ p ),q - p + k) (k = max{n,p}), 
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where 9° denotes the identity map on M, is called the Bruck-Reilly extension of T 
determined by 9 and is denoted by BR(T, 9) . The semigroup BR(T, 9) is a monoid 
with identity (0, It, 0), denoting by It the identity of T. This is a generalization of 
the constructions from [31 [13 [21], also considered in pQ. 

Theorem 5.1 If T is a finite monoid, then any Bruck-Reilly extension of T is 
automatic. 

Proof. Let T = {ti, . . . , ti} and let T = . . . , t[} be an alphabet in bijection 
with T. We define the alphabet A = {b, c} U T and the regular language 

L = {c m tb n : m,n > 0,t E T} 

on A. Defining the homomorphism 

if) : A + -»■ BR(T, 9)- t ^ (0, t, 0), ch (1, 1 T , 0), (0, 1 T , 1) 

it is clear that A is a generating set for BR(T, 9) with respect to ifi and, in fact, 
given an element (m,t,n) G N x T x No, the unique word in L representing it is 
c m tb n . 

In order to prove that (A, L) is an automatic structure with uniqueness for 
BR(T, 9) we only have to prove that, for each generator a G A, the language L a is 
regular. To prove that L& is regular we observe that 

(c m tlb n )b = (m,ti,n)(0,l T ,l) = (m,U,n + 1) = c m ^6" +1 

and so we can write 

i 

Lb = [jii^W, c m Ub n+l )8 A :n,me N } 
1=1 

which is a finite union of regular languages and so is regular. With respect to L c we 
have 

(c m t)c= (m,i, 0)(l,l r ,0) = (m + 1,^,0) = c m+1 ^, 

(c m tb n+1 )c= (m,t,n+ 1)(1, 1 T , 0) = (m,t,n) = c m i6 n (n, m G N ; t ET) 
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and so we can write 

i 

L c = {J{(c m U,c m+1 Ue)5 A : m G N }U 



i=l 
I 



\J{(c m Ub n+1 ,c m t t b n )5 A :m,ne N } 

i=i 
i 

\J({(c,c)y-{(T t ,c)($,ue)})u 
i=i 

U({c, c)}* •{(«)}• {(6, 6)}* •{(&,$)}) 



1=1 

and we conclude that L c is a regular language as well. 

We now fix an arbitrary t G T and prove that is regular. For any words 
c m k& n , c%b q G L we have 

if and only if m — p,n — q, and t a {t6 n ) = tp, because 

c m T^b n t={m,t a ,n){0,t,0) = {m,t a {te n ),n). 

Since T is finite the set {tO n : n G No} is finite as well. Taking j to be minimum 
such that the set Cj = {k > j : t6 3 = t9 k+1 } is non empty and k to be the minimum 
element of Cj, we will now show that 

{te n : n g n } = {t, te,..., te j , te k }. 

Given n > j we have n = j + h with /j > and, dividing h by + 1 — j, we obtain 
n — J + Q(k + I — j) + r with g > and 0<r<k + l— j. We now prove, by 
induction on q, that t6 j+r+qi - k+l -^ = t9 j+r for q > 0. For g = it holds trivially and 
for g > we have 

t gj+r+q(k+l-j) = t 0j+ r +k+l-j+(q-l)(k+l-j) _ (tQrj(j.gk+lj(j.g(q-l)(k+l-j)j 

= (to r ){t6 j )(te i - q - 1){k+l - j) ) = te j+r+( - q - 1 ^ k+1 - j \ 

We can then write 

j-i 

Lj= \J{(c m t^b n ,c m t a (t9 n )b n )5 A : m G N , t a G T}U 

n=0 



|J{(c m t a 6 ri+ ' ?(fc+1 - j) ,c m t a (^«)6 n+9(fe+1 ~ j) )^ : m,g G N ,t a G T} 

rc=j 

J-l 

|J ({(c, c)}* • t a (M»)) :t a eT}- {(b, b)}*)U 
U({( c ' c )}* • i^UW)) :t a eT}- {{b,b) n } ■ {(b,b) k+1 -iy) 



n=j 
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and since all sets in this union are regular we conclude that Lj is regular as well. ■ 

From now on we assume that T is an automatic monoid and we fix an automatic 
structure (X, K) with uniqueness for T, where X = {x±, . . . , x n } is a set of semigroup 
generators for T with respect to the homomorphism 

: X + — > T. 

We define the alphabet 

A = {b,c}UX (1) 
to be a set of semigroup generators for BR(T, 9) with respect to the homomorphism 

ifj : A + -> BR(T, 0), ^ (0, x^, 0), c ^ (1, 1 T , 0), 6 ^ (0, 1 T , 1), 

and the regular language 

L = {dwtP : w £ K;i,j £ No} (2) 

on A + , which is a set of unique normal forms for BR(T, 9), since we have {c l wV)il) = 
(i, wcf),j) for w G -KT, i, j G No- As usual, to simplify notation, we will avoid explicit 
use of the homomorphisms ip and (ft, associated with the generating sets, and it 
will be clear from the context whenever a word w G X + is being identified with an 
element of T, with an element of BR(T, 9) or considered as a word. In particular, 
for a word w G X + we write w9 instead of (w<f>)0, seeing 9 also as a homomorphism 
9 : X + — > T, and we will often write (i, w,j) instead of (i, w<p,j) for i, j G No. 
For (A, L) to be an automatic structure for BR(T, 9) the languages 

L b = {(c i wb>,c i wb i+1 )S A :wEK;i,je N }, 
L c = {(c i wb> +l , c i wV)5 A :weK;i,je N }U 

{(c l wi, c 1+1 W2)5a '■ wi, u>2 G K; i G No; t«2 = ^i^}, 
£x r ={(c l Wi^',c i «;2^)5A : (^i,w 2 )5 x G K Xr6j ;i,j G N } (x r G X), 

must be regular. The language Lf, is regular, since we have 

U = {(c, c)}* • {(«;, : w G • {(6, b)}* ■ {($, 6)}, 

but there is no obvious reason why the languages L c and L Xr should also be regular. 
We will consider particular situations where (A, L) is an automatic structure for 
BR(T, 9). 

Theorem 5.2 IfT is an automatic monoid and 9 : T — > T; 1 1— > 1 T ^/ien BR(T, ^) 
is automatic. 
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To show this we use the notion of padded product of languages and an auxiliary 
result whose proof can be found in [9]. Fixing an alphabet A, and given two regular 
languages M, N in (A* x A*)S, the padded product of languages M and N is 

MQN = {(wiw[, w 2 w' 2 )5 : (wi, w 2 )5 G M, (w[,w' 2 )5 G N} 

The result is the following: 

Lemma 5.3 Let A be an alphabet and let M, N be regular languages on (A* x A*)S. 
If there exists a constant C such that, for any two words Wi,w 2 G A* we have 

(wi,w 2 )5 G M =>- \\wi\ — \w 2 \ \ < C, 

then the language M © N is regular. 

Proof, of Theorem 15.21 To show that the pair (A, L) defined by (JTJ and 
(j2j) is an automatic structure for BR(T, 9) we just have to prove that the languages 
L c and L Xr (x r G X) are regular. But now, denoting by W\ T the unique word in K 
representing It, we have 

L c = {(c i # 1 ,cW)^ :weK;i,je N } U {{dw, c i+1 w lr )5 A :weK;ieN Q } 
= ({(c, c)}* • {(w, w)5 x :weK}-{(b,b)}*- {(&, $)})U 
(({(c,c)Y-{($,c)})Q(Kx{w lt })5 x ), 

which is a regular language by Lemma 15.31 We have 

L Xr = {(dwV, c i wb i )5 A : w G K,i G N ,i G N}U 
{(c l Wi, c 1 w 2 )8a ■ (w 1 ,w 2 )5 x G K Xr ;i G N } 
= ({(c, c)}* ■ {(w, w)5 x :wEK}-{(b, fe)}+)U 
{{{c,c)Y-K Xr ) 

because, for any dwV G L with j > 1, we have 

(c l wb J )x r = (i, w, j)(0, x r , 0) = (i,w(x r 9 3 ), j) = (i,w,j) = dwb 3 

and for c l w; G L we have 

(c*w)x r = (z, w, 0)(0, av, 0) = (i,u;a; r ,0). 

Therefore L Xr is also a regular language and so BR(T, 9) is automatic. ■ 

Theorem 5.4 7/T is an automatic monoid and 9 is the identity in T then BR(T, 9) 
is automatic. 
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Proof. We use the generating set A defined by equation ([!]) but we now define 
L = {d&w : w G K} observing that, since 9 is the identity, for any x r G X, we have 

x r c = (0,av,0)(l,l Tj 0) = (l,x r e,0) = (l,x r ,0) = (1, 1 T , 0)(0, x r , 0) = cx r , 
x r b= (0,x r ,0)(0,lr,l) = (0,x r ,l) = (O,x r 0,l) = (0, 1 T , 1)(0, x r , 0) = bx r . 

The language L is regular and it is a set of unique normal forms for BR(T, 9). Also 
the languages 

L b = {(dtfw, c i b j+1 w)8 A :wEK;i,jE N } 

= ({(c, c)Y ■ {(&, b)}* ■ {($, b)}) {(w, w)5 x :weK}, 
L c = {(c¥ +1 u>, c i b j w)S A :weK;i,je N }U 
{((?w, c i+1 w)S A : i G Nq, w G -PC} 
= (({(c, c)}* • {(6, 6)}* • {(6, $)}) {(«;, w)^ : w G K})U 
(({(c,c)}* • {($,c)}) {(^tw)^ : w G K}), 
^^{(c^^^c^Wa)^ : (w ll w 2 )S x G K^} 
= ({(c, C )r-{(6,6)}*)-K, r 

are regular, by Lemma T5.3[ and so (A, L) is an automatic structure for BR(T, 9). ■ 

We say that a semigroup T is of finite geometrical type (fgt) (see [26J) if for every 
t\ G T, there exists G N such that the equation 

xti = t 2 

has at most k solutions for every t% G M. 

To prove next theorem we will use the following two auxiliary results from [9]: 

Lemma 5.5 Let T be a fgt monoid with an automatic structure with uniqueness 
(X,K). Then for every w G X + there is a constant C such that {w\, 11)2)8 x G K w 
implies \\ii)\\ — \v02W < C. 

Lemma 5.6 Let S be a finite semigroup, X be a finite set and ip : X + —>■ S be a 
surjective homomorphism. For any s G S the set sip' 1 is a regular language. 

Theorem 5.7 Let T be a fgt automatic monoid and let 9 : T — > T be a monoid 
homomorphism. IfT9 is finite then BR(T, 6) is automatic. 

Proof. We will prove that the pair (A, L) defined by (pQ) and (j2J) is an automatic 
structure for BR(T, 6). We have 

L c ={( ( fw^ 1 ,c i wb>)8 A :weK;i,j G N }U 

{(c l wi, c l+1 w 2 )8 A : wi, w 2 G K\ % G N ; w 2 = w^} 
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and, since the language 

{((?wb> +1 ,(*wb>)6A :weK;i,je N } = 

{(c, cy}* ■ {(w, w)5 x :weK}.{(b,b)}*- {(&, $)} 

is regular, we just have to prove that the language 

M = {(cVl, c i+1 to 2 )5A : Wi, w 2 e K;i e N ; u> 2 = 

is also regular. For any t E T9 let ic 4 be the unique word in K representing t. Let 

AT = {(iui, w 2 )5 x ■ wx, w 2 G K; w 2 = Wi6} = 

[J{(wi, w 2 )5 x ■ w 1 ,w 2 G K;w 2 = W]Q — t} = 

(J {K, ■■w 1 eK;w 1 e {te- l )4>- 1 } = 

t£T6 

U (((tr 1 )^ 1 n at) x H»5 X . 

t&TO 

We can define ?/> : X + — > T#; it; i— > and, since T# is finite, for any t G T#, we 
can apply Lemma [5.61 and conclude that = tip' 1 is regular. Therefore, N 

is a regular language and, since we have 

M = {(cV l5 c l+1 ^ 2 )5 A : (wx, w 2 )S x £ N;i £ N } = 
({(c,c)}*-{($,c)})0iV, 

by Lemma l5~3l M is a regular language as well. We will now prove that the language 

L Xr = {(dw 1 b j ,c t w 2 b j )S A : {w u w 2 )8 x G K Xrej ;i,j G N } 

is regular. Since T(9 is finite we can, as in the proof of Lemma 15.11 take j, k to be 
minimum with x r 9 J ' = x r 6 k+1 and j < k, and we have x r 6 ]+r+q ( k+1 ~^ = x r 9 J+r for 
j<j + r<k + l and q > 0. Therefore, we can write 

L *r = {j {{c'wxU^dw^A : ( Wl ,w 2 )5 x G K^ie N }U 

n=0 

|J {(c i u; 1 6"+^ fc + 1 ^),c i u; 2 b n+ ^ +1 ^))^ : (wi,w 2 )<^ G K Xr0 n;i,qe N } 
= \J({(c,c)Y-(K Xren Q{(b,b)r))U 

n=0 

k 

|J ({(c,c)}* • (J^*. ({(6,6)"} • {(M)** 1 "'}*)))- 
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Since T is fgt, by Lemma [5.51 there is a constant C such that 

Oi, w 2 )S x G K Xr9 n \\wi\ - \w 2 \\ < C 

for any n = 0, . . . , k, and therefore we can apply Lemma [5.31 and we conclude that 
L Xr is a regular language. ■ 

Since automatic groups are characterized by the fellow traveller property and 
Bruck-Reilly extensions of groups are somehow "almost groups" the following is a 
natural question: Is a Bruck-Reilly extension of a group automatic if and only if it 
has the fellow traveller property? 

6 Wreath products 

We consider the automaticity of the wreath product of semigroups, SwiT, in the 
case where T is a finite semigroup. We start by giving the necessary and sufficient 
conditions, obtained in [23], for the wreath product, to be finitely generated, when 
T is finite. Finite generation of the wreath product is related to finite generation of 
the diagonal S'-act. We use the conditions obtained for the case where the diagonal 
S'-act is not finitely generated to prove that, in this case, the wreath product SwrT 
is automatic whenever it is finitely generated and S is an automatic semigroup. 

We start by giving the definitions we require. If S is a semigroup and X is a 
set, then the set S of all mappings X — > S forms a semigroup under component- 
wise multiplication of mappings: for f,g G S x , fg : X — > S; x i— »■ (xf)(xg); 
this semigroup is called the Cartesian power of S by X. If S has a distinguished 
idempotent e, then the support of / G S x relative to e is defined by 

supp e (/) = {x G X : xf ^ e}. 

The set 

S (^ = {feS x :\su We (f)\<oo} 

is a subsemigroup of S x ; it is called the direct power of S relative to e (the subscript 
e is usually omitted). If X is finite of size n then S x and S^ e coincide, and they 
are isomorphic to the semigroup consisting of n-tuples of elements of S under 
the component-wise multiplication. In this context, we write S^ x ^ e even if S has no 
idempotents; we can think of this as computing supports with respect to an identity 
adjoined to S. 

The unrestricted wreath product S Wr T of two semigroups is the set S T xT under 
multiplication 

{f,t){9,u) = {f t gM, 
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where l g 6 S T is defined by 

(x) * 5 = (xt)g. 

Let e £ S 1 be a distinguished idempotent. The (restricted) wreath product S e wrT 
(with respect to e) is the subsemigroup of SWrT generated by the set {(/, t) G 
SWiT : | supp e (/)| < 00} (again the subscript e is often omitted). 

The wreath product S wr T coincides with the unrestricted wreath product S Wr T 
in the case where T is finite, as observed in [271 Chapter 3]. 

An action of a semigroup S on a set X is a mapping X x S — ► X, (x, s) t— > xs, 
satisfying (xsi)s2 = ^(.si^)- The set X, together with an action, is called an S-act. 
It is said to be generated by a set U C X if US 1 = X, and finitely generated if there 
exists a finite such £7. 

The diagonal act of a semigroup S is the set £ x S with the action (si, ^2)5 = 
(sis,s 2 s). The diagonal acts of infinite groups, free semigroups, free commutative 
semigroups and completely simple semigroups are not finitely generated. On the 
other hand, the diagonal act of the full transformation monoid Tpj on positive integers 
can be generated by a single element; see pE|. In [22] the authors give an example 
of an infinite, finitely presented monoid with a finitely generated diagonal act. 

We will only state the conditions obtained in [23] for the case where T is finite 
and S is infinite. 

Proposition 6.1 Let S be an infinite semigroup and let T be a finite non-trivial 
semigroup. If the diagonal S-act is finitely generated then SwrT is finitely generated 
if and only if the following conditions are satisfied: 

(i) S 2 = S and T 2 = T; 

(ii) S is finitely generated. 

If the diagonal S-act is not finitely generated then SwyT is finitely generated if and 
only if the following conditions are satisfied: 

(i) S 2 = S; 

(ii) S is finitely generated; 

(iii) every element ofT is contained in the principal right ideal generated 
by a right identity. 

We will now consider the automaticity of the wreath product S wr T in the case 
where T is finite. In the case where S is also finite, SwrT is finite as well, and, 
in particular, it is automatic. We will consider the case where S is infinite and the 
diagonal S-act is not finitely generated. 
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Theorem 6.2 If S and T are semigroups satisfying the following conditions: 

(i) T is finite; 

(ii) S is automatic; 

(iii) the diagonal S-act is not finitely generated; 

(iv) the wreath product SwrT is finitely generated; 
then SwtT is automatic. 

To prove this theorem we will need some notation and a result from [10J. A 
generalized sequential machine (gsm for short) is a six-tuple A = (Q, A, B, //, qo, T) 
where Q, A and B are finite sets, (called the states, the input alphabet and the 
output alphabet respectively), \i is a (partial) function from Q x A to finite subsets 
of Q x B + , qo G Q is the initial state and T C Q is the set of terminal states. We 
can read (q',u) G (g, a)^u in the following way: if A is in state q and receives input 
a, then it can move into state q' and output u. 

We can interpret A as a directed labelled graph with vertices Q, and an edge 
q <fi,u ■, q' f or every pair (q r , u) G (q, a)/i. For a path 

(oi,ui) (02,^2) (a n ,u n ) 
TT : <?i > q 2 > ?3 ■ ■ ■ ► 

we define 

$(-7r) = aia 2 • • • a n , E(-7r) = «iw 2 • • • u n . 

For q,q' G Q, u G A + and t) G S + we write q U ' V > + g' to mean that there exists a 
path 7r from q to g' such that $(7r) = w and S(7r) = v, and we say that (u, v) is the 
label of the path. We say that a path is successful if it has the form q t with 

t G T. 

The gsm A induces a mapping 77.4 : V(A + ) — > V(B + ) from subsets of A + into 
subsets of B + defined by 

Xrj A = {v G B + : (3« G X)(3i G T)(q ^ + t)}. 

It is well known that if X is regular then so is Xtjx, see [16]. Similarly, ^4. induces 
a mapping Ca : V(A + x A+) — > P(B + x B+) defined by 

Y(a = {(w,z) e B + x B + : (3(u,v) G G U7/^ & z e vr] A )}. 

The next lemma asserts that, under certain conditions, this mapping also pre- 
serves regularity. 
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Lemma 6.3 Let A = (Q,A,B,fj,,q ,T) be a gsm, and let ha '■ {A" x A*) 5 a — > 
A* x A* be the inverse of 5a- Suppose that there is a constant C such that for any 
two paths a\, a 2 in A, we have 

= |$(a 2 )| - |E(a 2 )|| < C. (3) 

If M C (A + x A + )5a is a regular language in A(2,$) + then N = MhaCa^b is a 
regular language in B(2, $) + . 

Also the following simple fact, from [9], will be used in our proof. 

Lemma 6.4 Let S be an automatic semigroup such that S 2 = S. Then S has an 
automatic structure with uniqueness (A, K) such that K n A = 0. 

Proof of Theorem 16.21 We assume, without loss of generality, that T = 
{t\,...,t m } with m > 1. By using Proposition 16.11 we know that S is finitely 
generated and S 2 = S. So, by Theorem I3.2[ we conclude that the direct product 
S\ T \ is automatic. Let (F, K) be an automatic structure for S'' T ' with uniqueness 
with F = {fx, ■ ■ ■ , fk}- Since S 2 = S, we can use Lemma 16.41 and assume that K 
does not have words of length 1. Given t E T, using again Proposition 16. 11 there is a 
right identity e G T such that t = eq for some q G T. So we can define a generating 
set 

Y = {e 1 , . . . ,e m } U {gi, . . . , q m } 

for T such that = e^qi for z = 1, . . . , m and ei, . . . , e m represent (not necessarily 
distinct) right identities in T. We define a new alphabet A by 

A = {(/,e i ):/eJi' I i = l,.,m}U{(/ igi ):/GF,i=l,.,m} 

and a language L on A by 

L= U ^ (fan-i'^Xfom* H) '■ feci •• -fan e 

i=l,...,m 

We will prove that the pair (A, L) is an automatic structure for SwtT (with unique- 
ness). To see that A generates SwtT and that L is a set of unique representatives 
for SwtT we observe that, given (/, £j) G SwrT there is only one word f ai --- f a „ 
in .fT such that / = f ai . . . f an . So there is only one word in L representing (/, U) 
which is 

{fan Cj) • • • (/«„_!) e i)(/a,i) Qi) ■ 

To prove that L is a regular language we now define a gsm ^4 such that Krj^ = L. 
Let 

A={Q,F,A,[i,q ,{x}) 
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with Q = {g , ■ ■ ■ , ftn} U {x}, where go is the initial state, \ is the only final state 
and \x is a partial function from Q x F to finite subsets of Q x A + defined by: 

(ftj,/V = {(ft,(/,ei))} (i = 
(ft, f)t* = {(Qi,(f, eO), Of, (/> ft)))} (* = l,...,m). 
We will now prove that L(f >eT ) is a regular language, for (/, e r ) G A. If we define 

L tL) = L (Ur) H (A+ ■ {(/, 9l ):/eF}x A+)54 (< = 1, . . . , m) 

then we can write 

L (M = IJ L (/, er ) 
i=X,...,m 

and it suffices to prove that, for each i G {1, . . . , m}, the language L^J, is regular. 
To achieve that, we will use Lemma [6.31 We start by showing that 

Lf M = K^fCaSa n (A + • {(/, ft ) : / G F} x • {(/, ft) : / G F})^ 

where w is the word in K that represents qi f G S'' 7 "'. Let 

(/ai, e;) . . . ei)(/ Q „, ft), e,-) . . . (//»._!, e^Cfe,, g,-) e L - 

Then 

e<) • • • (/a„_ 15 ei)(/a„, ft), e 3 -) . . . (fp.- 1 ,e j )(f fia ,q j ))S A G Ljj^) 
& fax ■ ■ ■ Un q i = ffii ■ ■ ■ fp. & e ift e r = ejqj 

& fax ■ ■ ■ fan 9t f = /ft • • • fPs & e ift = e jQj 

<^ fax ■ ■ ■ fa n 9t f = ffa ■ ■ ■ fp s & U — tj 

& (fax ■■■fa n Jpx--- fPs)$F G L i = j 

<=> {{fax^i) . . . (/ an _ 1 ,e i )(/ Qn ,ft), (f h ,ej) . . . {f0 a _x, e j)(ff3s,qj))$A G 
K^fCaSa n (A+ ■ {(/, ft) : / G F} x A+ ■ {(/, ft) : / G F})5 A 

We conclude, by Lemma 16.31 that wj, is a regular language. For a generator 
(/) ft) £ ^ will we prove that £(/, 3r ) is regular in a similar way. We can write 

L (f,1r) = IJ L tLr) 

i=X,...,m 

where 

£(L) = L (M n (^ + ■ {(/» ««) : / e F > x A+ )^ (< = 1, • • • ,m). 

We let i G {1, . . . , m} arbitrary and we will prove that Lfj q is a regular language. 
Let j the unique element in {1, ... , m} such that e^ftft. = e^- and let ty be the word 
in X that represents */ G <S'' T '. Let 

(fax, e i) ■ ■ ■ (fa n -xi e i)(fa n ,Qi), [fpx, e k) ■ ■ ■ {f(3 s -xi e k){fp s Ak) G L. 
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Then 



((/ai,e«) • ■■(fa n - 1 ,e i )(f an ,q i ), (f h ,e k ) . . . {fp,_ lt e fc )(/ A , q k ))S A G ^ 

^ /«!■■■ /a„ 9i / = //3i • • • /& & e^g,. = e fc g fc 

<^ ■ • ■ /an, /ft. • • • //3 s )^f G & e^g,. = e fc O fc kk = j 

((/«i, e.) • ■•(/a„-i,e i )(/ a „,%), (/s^ejt) . . .(fp._ L ,e k )(f Pt) q k ))6 A G 



(0 

(/><Zr) 



■KwRfCa&a n (A+ ■ {(/, s):/ef}x4+. {(/, <&) : / G F})5 A 



We can use again Lemma [6.31 to conclude that, for each z, the language 



(/■9r) 



^TTp-C^A n (A + ■ {(/, gi ):/6F}x#. {(/, qj ) : / G 



is regular. 



In the case where the semigroups S and T are monoids, necessary and sufficient 
conditions for the wreath product SwtT to be finitely generated are given in |24j . 

Proposition 6.5 Lei 5 and T 6e monoids, and let G be the group of units of T. 
Then the wreath product SwtT is finitely generated if and only if both S and T are 
finitely generated, and either S is trivial, orT = VG for some finite subset V ofT. 

By using this result, our theorem has the following consequence: 

Corollary 6.6 Let S be an automatic monoid and T be a finite monoid. Then the 
wreath product SwrT is automatic. 

Proof. We assume that S is not trivial. We can apply Proposition [631 with V — T, 
and so SwrT is finitely generated. Moreover, the three conditions in Proposition 
I6.1[ for the case where the diagonal 5"- act is not finitely generated, hold trivially 
since S and T are monoids. The proof of our theorem is based on these conditions 
and therefore the wreath product S wr T is automatic. ■ 

It is still an open question whether or not the wreath product S wr T is automatic 
when it is finitely generated. Of course, from the above result, it only remains to 
consider the case where the diagonal <S-act is finitely generated. In [21] and [27] 
we can find some examples of wreath products with finitely generated diagonal S- 
act which, as the authors observe, is in some way the less common case. Another 
interesting problem is that of the automaticity of the wreath product in the case 
where the semigroup T is also infinite. A natural starting point here is to use 
Proposition 16.51 and investigate the case where S and T are monoids. 
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